Studying the nature and consequences of electron-phonon interaction in manganites is an area of intense ongoing research. Here, in an attempt to model charge and orbital ordering in manganites displaying C-type antiferromaganetism, we study cooperative Jahn-Teller effect in two-band onedimensional chains in the regimes of both strong and weak electron-phonon couplings. These chains exhibit orbital ferromagnetism with only d z 2 orbitals being occupied. At strong coupling and in the antiadiabatic regime, using a controlled analytic nonperturbative treatment that accounts for the quantum nature of the phonons, we derive the effective polaronic Hamiltonians for a single chain as well as for interacting identically-long chains. Due to cooperative effects, these effective Hamiltonians manifest a dominant next-nearest-neighbor hopping compared to the usual nearestneighbor hopping and a significantly enhanced nearest-neighbor repulsion. For densities up to half filling, upon tuning electron-phonon coupling, interacting-chain [single-chain] Jahn-Teller systems undergo quantum phase transition from a charge disordered state to a conducting charge-densitywave state characterized by a wavevector k = (π, π) [k = π]. On the other hand, up to half filling, a weak coupling analysis reveals a transition from a disordered state to an insulating chargedensity-wave state with a wavevector that depends linearly on the density; the ordering is analyzed within a Peierls instability framework involving the dynamic noninteracting susceptibility at nesting wavevector and phonon frequency. Our analysis provides an opportunity to identify the regime of electron-phonon coupling in manganites through experimentally determining the charge-ordering wavevector.
I. INTRODUCTION
Understanding the wide variety of exotic long-range orders in transition metal oxides (such as manganites) and designing artificial structures (such as heterostructures, quantum wires, and quantum dots) using these materials is of immense fundamental interest and also of huge technological importance. Perovskite manganites R 1−x A x MnO 3 (R = La, Pr, Nd, etc., A = Sr, Ca) are systems containing Mn 3+ ions with one electron in doubly degenerate e g orbitals; this results in cooperative Jahn-Teller (CJT) distortion (on adjacent sites) which lifts the orbital degeneracy and produces a cooperative occupation of orbitals. Consequently, a strong interplay ensues between charge, spin, and orbital degrees of freedom. This interplay leads to closely competing energy states with a variety of spin textures (such as metallic ferromagnets and A-, C-, CE-, or G-type antiferromagnets), charge orders [such as density-dependent and density-independent charge density waves (CDWs)], and orbital orders (such as ferromagnetic and antiferromagnetic orbital density waves) [1] [2] [3] . There have been numerous studies of the many-polaron effects produced by quantum phonons in a one-band onedimensional Holstein model 4 which is a simple case of noncooperative electron-phonon interaction [5] [6] [7] [8] [9] [10] [11] [12] . However, controlled mathematical modeling of CJT quantum systems that goes beyond modeling localized carriers 13 has remained elusive (at least to our knowledge). In fact, a controlled analytic treatment of cooperative-breathingmode effects in a single-band, many-polaron chain has been developed only recently 14 . The situation is also complicated because of lack of conclusive identification of the strength of the electron-phonon interaction in oxides such as manganites. Evidence of strong local JahnTeller distortions pointing to strong electron-phonon coupling has been reported in manganites by direct techniques such as EXAFS 15 , pulsed neutron diffraction 16 , or through direct evidence of orbital ordering using resonant X-ray scattering 17 . On the other hand, weak coupling was inferred in the overdoped regime (i.e., x > 0.5) using transmission electron microscopy 18, 19 , orientationdependent transport measurements 20 , terahertz spectroscopy (to measure conductivity and permittivity) 21, 22 , and coherent synchrotron source (to measure optical conductivity) 23 .
In the overdoped regime (x > 0.5) of manganites such as La 1−x Ca x MnO 3 , at low temperatures, charge ordering results along with orbital ordering and antiferromagnetism. The nature of the charge order has been a subject of much debate. Earlier on, charge order was described in terms of a strong-coupling picture of stripes of localized charges where the mixed-valence manganese ions split into Mn 3+ ions and Mn 4+ ions 24, 25 . However, based on the findings in Refs. 26-28, a phenomenological picture of an extended CDW (instead of localized charges) was developed in Ref. 29 . The experiments indicating weak coupling [18] [19] [20] 23 , for 0.5 ≤ x ≤ 0.75 in La 1−x Ca x MnO 3 , also seem to agree with this picture of weakly-modulated CDW characterized by a concentration-dependent wavevector q = (1 − x)a * with a * being the reciprocal lattice vector 30 . Furthermore, in another manganite (i.e., La 0.2 Sr 0.8 MnO 3 ), charge ordering wavevector q = 0.2a * has been reported 31 . As regards magnetic ordering, in the overdoped regimes of La 1−x Sr x MnO 3 (for 0.65 < x < 0.95) [32] [33] [34] and La 1−x Ca x MnO 3 (for 0.75 ≤ x ≤ 0.87), [35] [36] [37] C-type antiferromaganetism has also been reported.
In this paper, compared to the phenomenological theory of Ref. 29 , we attempt at a microscopic theory in the overdoped regime. To reduce the daunting complexity, we assume C-type antiferromagnetism and invoke only the charge and orbital degrees of freedom to model the remaining possibilities of charge and orbital orderings. We investigate the regimes of weak coupling and strong coupling and show how the regime of coupling can be ascertained experimentally. Since manganites with C-type antiferromaganetic ordering can be effectively considered as chains, we study the effect of electron-phonon coupling in a single chain and in interacting chains. At strong coupling, we find that the charge ordering wavevector is always q = 0.5a
* irrespective of the value of the doping x; whereas at weak coupling, the ordering wavevector has the density-dependent form q = (1 − x)a * . Thus, based on the experimental determination of the charge ordering wavevectors at various doping values x in C-type antiferromagnets, we believe that our theory offers an opportunity for identifying the regime of electron-phonon coupling.
The paper is organized as follows. We derive a general Hamiltonian for CJT effect in three dimensions in Sec. II. In Sec. III, we derive the effective Hamiltonian for CJT interaction in one dimension and study its nature at various electron-phonon couplings. In the subsequent Secs. IV and V, we analyze the CJT effect in interacting chains for the case of strong coupling in the antiadiabatic regime and for the case of weak coupling in the adiabatic regime, respectively. Before closing, we discuss the connection between our system and other systems in Sec. VI and present our conclusions in Sec. VII.
II. GENERAL CJT HAMILTONIAN
The general Hamiltonian for the CJT system in manganites can be written as H G = H t + H ep + H l , where H t is the hopping term, H ep the electron-phonon-interaction term, and H l the lattice term. We start with an overcomplete basis ψ x = 3x 2 −r 2 , ψ y = 3y 2 −r 2 , ψ z = 3z 2 −r 2 which satisfies the relation ψ x + ψ y + ψ z = 0. The basis state ψ z corresponds to the d z 2 orbital depicted in Fig.1 . The hopping term can be expressed in the above basis as:
where g is the electron-phonon coupling, M is the mass of an oxygen ion, ω 0 is the frequency of optical phonons, and
Furthermore, Q x;i,j,k , Q y;i,j,k and Q z;i,j,k are defined in terms of the displacements [u x;i,j,k & u x;i−1,j,k ; u y;i,j,k & u y;i,j−1,k ; u z;i,j,k & u z;i,j,k−1 ] of oxygen ions around (and in the direction of) the d x 2 , d y 2 , and d z 2 orbitals, respectively, as follows: Q x;i,j,k = u x;i,j,k − u x;i−1,j,k , Q y;i,j,k = u y;i,j,k −u y;i,j−1,k , and Q z;i,j,k = u z;i,j,k −u z;i,j,k−1 . Here, besides considering the displacement of the ions, we also consider their kinetic energy, thereby invoking quantum nature of the phonons. Then, the lattice Hamiltonian is given by
whereu x;i,j,k ,u y;i,j,k , andu z;i,j,k are the time derivatives of the oxygen-ion displacements u x;i,j,k , u y;i,j,k , and u z;i,j,k , respectively. The usual orthogonal basis states ψ x 2 −y 2 and ψ z 2 are related to the over-complete basis states ψ x , ψ y , and ψ z as follows:
From Eq. (4) we get,
Next, using Eq. (5), we express the general Hamiltonian in the orthogonal basis ψ x 2 −y 2 and ψ z 2 as follows:
Here, in our modified Lang-Firsov transformation, it should be noted that we have included only the density terms and ignored the orbital-flip terms (d † z 2 ;k d x 2 −y 2 ;k and its Hermitian conjugate) appearing in the interaction part of the above equation (14) . This choice is dictated by mathematical expediency to arrive at an analytic expression. Then, the Lang-Firsov transformed Hamiltonian is given byH CJT = H 0 + H 1 where
−te
where the term 2g 2 ω 0 k n z 2 ;k n z 2 ;k+1 arises because of the cooperative nature of the interaction; furthermore, the attractive interaction term − 3 2 g 2 ω 0 k n z 2 ;k n x 2 −y 2 ;k will be negated by a much larger repulsive Coulombic term U k n z 2 ;k n x 2 −y 2 ;k because of which no site can have both the orbitals occupied simultaneously. The remaining term ofH CJT is given by
with
where
Now, to perform perturbation theory, we note that the eigenstates of H 0 are given by |n, m = |n el ⊗|m ph with |0, 0 being the ground state. We consider the strongcoupling case g 2 >> 1 and the antiadiabatic regime t/ω 0 < 1; consequently, the coefficients of the perturbation terms H I and H II in Eqs. (17) and (18), respectively, satisfy the conditions te 
In Eq. (19) , the contribution of cross terms involving H I 1 and H II 1 is zero because the phonons do not match; hence, we get
We will first evaluate the term involving H II 1 in the above equation. After some algebra, we get the following expression:
We note that the coefficients of the terms n z 2 ;k , n x 2 −y 2 ;k , and n z 2 ;k n x 2 −y 2 ;k in the above equation are much smaller than the coefficients of the same terms in Eq. (16); consequently, we ignore the contribution from Eq. (21) in the expression for the effective Hamiltonian of the CJT chain.
Next, after performing some tedious algebra (using considerations similar to those in Ref. 14) , the effective Hamiltonian can be obtained as:
where 
A general term of the form
where the summation over c represents summing over all possible n C m combinations of m arguments chosen from the total set of n arguments {α 1 , α 2 , . . . , α n }. We then obtain the following useful relationship (derived in Appendix A):
Then, on using the above approximation for G n (α 1 , α 2 , . . . , α n ) at large g 2 , Eq. (22) simplifies as follows:
In contrast to the effective Hamiltonian of Eq. (22), the relatively simpler case of single-band cooperative breathing mode [shown in Fig. 1(a) ] yields the following effective Hamiltonian 14 :
On using the relationship of Eq. (25), the effective Hamiltonian for cooperative-breathing-mode chain [given by Eq. (27)] simplifies to be
Comparing Eq. (26) with Eq. (28), we find that the coefficients of next-nearest-neighbor (NNN) hopping terms are approximately equal and so are the coefficients of the nearest-neighbor (NN) repulsion terms. Hence, both the CBM chain and the CJT chain should exhibit similar behavior up to half-filling. We diagonalize these effective Hamiltonians using a modified Lanczos algorithm 40 [with antiperiodic (periodic) boundary conditions for even (odd) number of fermions] and calculate the structure factor S(k) at the ordering wavevector π. Upon tuning the electron-phonon coupling g in the antiadiabatic regime, earlier we found that the CBM model undergoes a second-order quantum phase transition from a Luttinger liquid to a CDW state at strong coupling 14 . From  Fig. 2 , for both the CBM model and the CJT model, we see that the S(π) curves coincide more or less. Hence, up to half filling, both the models exhibit similar CDW transition upon tuning electron-phonon coupling g. However, above half filling in the CJT chain, particles will occupy the d x 2 −y 2 orbitals of the remaining sub-lattice because there is no repulsion between electrons in the d z 2 and d x 2 −y 2 orbitals on NN sites [see Eq. (16)]. Thus, in contrast to the CBM model, the particle-hole symmetry is broken for the CJT model!
In the subsequent sections, we shall study interacting CJT chains at couplings that are strong and weak.
IV. INTERACTING IDENTICALLY-LONG CJT CHAINS AT STRONG COUPLING
In the interacting CJT chains depicted in Fig. 1 (c), we have C-type antiferromagnetism (i.e., each ferromag- netic chain is antiferromagnetically coupled to the adjacent ones); consequently, there is no inter-chain hopping. In these chains, hopping of electrons occurs only between the d z 2 orbitals along the z-axis. Furthermore, the chains are assumed to have cooperative electron-phonon coupling along the y-and the z-axes, whereas, along the x-axis the electron-phonon coupling is non-cooperative and is of the Holstein-type 4, 5 . Up to half filling, only the d z 2 orbitals would be occupied so that the system lowers its energy through the mobile electrons. Here, we consider the interacting chains for only up to half filling; therefore, we neglect the occupation of d x 2 −y 2 orbitals in our analysis. Hence, the lattice term of Eq. (3) for the present case reduces to
We define Q ′ x;j,k ≡ u x;1,j,k +u x;0,j,k and Q x;j,k ≡ u x;1,j,k − u x;0,j,k and recast Eq. (29) as follows:
For the present system of interacting identically-long CJT chains, Eqs. (6) and (7) simplify to be
and
Next, we observe that the displacement operator Q ′ x;j,k does not couple to the electrons in the above Eqs. (31) and (32); therefore, we drop terms involving Q ′ x;j,k from Eq. (30) . Then, the total Hamiltonian for the interaction CJT chains is given by
Now, representing the relevant displacement operators in second quantized form as
and substituting in the total Hamiltonian of Eq. (33), we obtain
To obtain an effective Hamiltonian by performing perturbation theory, we device a relevant Lang-Firsov transformation for the above Hamiltonian. In the polaronic frame of reference,H ICJT = exp(S)H ICJT exp(−S) where the antiHermitian operator S is identified as
Subsequently, the Lang-Firsov transformed Hamiltonian is given byH
where terms 2g 2 ω 0 j,k n z 2 ;j,k n z 2 ;j,k+1 and
j,k n z 2 ;j,k n z 2 ;j+1,k arise because of cooperative nature of the Jahn-Teller interaction along the zand the y-directions, respectively. Furthermore, the perturbation H ICJT 1 is given by
Since we consider strong coupling and antiadiabaticity, we get the condition te as |n, m = |n el ⊗ |m ph with |0, 0 being the ground state], the second-order perturbation term is given as:
After tedious algebra, we get the the following expression for the effective Hamiltonian for interacting CJT chains:
where G n (α 1 , α 2 , . . . , α n ) are the same as those defined in the previous section. For g 2 >> 1 (based on derivations in the Appendix A), the above equation reduces to
which is exactly the same as the single chain CJT result [see Eq. (26)] except for the inter-chain repulsion due to cooperative effects along the y-axis. Furthermore, in the above equation, the occupancy-projection 8 . Although in the present work we focus on interacting chains in two-dimensions only, effective Hamiltonian for interacting CJT chains in three-dimensions can be also obtained similarly.
Using the modified Lanczos algorithm of Ref. 40 , in order to study the nature of the system as the electronphonon coupling g is tuned, we diagonalize the Hamiltonian in Eq. (41) and calculate quantities such as densitydensity correlation function, structure factor, fidelity, and fidelity susceptibility in the following subsections. Furthermore, a two-dimensional system with interacting CJT chains is taken to be mimicked by a two-chain CJT system with periodic boundary conditions. Although we perform our calculations for a conservative value of t/ω 0 = 0.1, our results are valid for fairly larger values of t/ω 0 < 1 as demonstrated in the Appendix B.
A. Density-density correlation function, structure factor, and order parameter
The two-point correlation function, for density fluctuations of electrons that are apart by a vector (l, m), is defined as
for a filling fraction ν = n z 2 ;j,k = Np N , where N is the total number of sites in the system and N p the total number of the particles in the system. The Fourier transform of W (l, m), i.e., the structure factor S(k y , k z ), is given by
where for our two-chain CJT system, on assuming periodic boundary conditions, k y = lattice structure. We will now derive exact relations for the structure factor in a few special cases. To this end, the above equation is simplified to be S n y π, To begin with, we observe that
Based on the derivation of Eq. (C11) in the Appendix C, we can write
whereN j,e = keven n z 2 ;j,k N j,o = k odd n z 2 ;j,k is the number operator for the total number of particles in the even (odd) sites of the j-th chain. Next, again from Eq. (45), we find
As shown by the derivation of Eq. (C12) in the Appendix C, S(0, π) can be expressed as
Furthermore, Eq. (45) also yields
Then, from Eq. (C13) in the Appendix C, we observe that
Since hopping is permitted only along the chain, the particles will distribute themselves equally between the chains in order to minimize the energy. Hence, for the full span of g
Then, from Eq. (C14) in the Appendix C, we have e +N 2,o ) is the total particle number operator. Since we are working in a canonical ensemble and since the ground state is an eigenstate of N p , (at all couplings g) we get the simple relation
which is manifested in panel (d) of Figs. 3, 4 , 5, 6, and 7.
To understand the phase transition and the ordered state, we will now study some aspects of the correlation function and the structure factor. We will consider an extreme situation of the ordered state, namely, only one of the sub-lattices of the two-chain system is occupied. Then, in Eq. (43), for l = 1 (l = 0) and m being even (odd), we have n z 2 ;j,k n z 2 ;j+l,k+m = 0. Subsequently, we obtain
When only one of the two sub-lattices is occupied, the ground state becomes an eigenstate of the operatorsN j,e , N j,o . Consequently, Eq. (46) and Eq. (47) simply as follows:
Based on the above considerations, we will analyze the general features in the correlation functions and structure factors at various filling fractions in the interacting CJT chains by studying the Figs. 3, 4 , 5, 6, and 7. In all these figures, we consider the system at three coupling strengths: (a) when the system is quite disordered; (b) when the system is around the transition point; and (c) when the system is deep inside the ordered phase.
First, panel (a) in all these figures shows the two-point inter-chain correlation function W (1, m). As the interaction strength is increased, the curves become more oscillatory; at large coupling, W (1, m) attains the constant minimum value − W (1, m) .
Next, we observe that there are only two allowed values for the wavevector component k y , i.e, π and 0. We study the behavior of the structure factors S(π, k z ) and S(0, k z ) in the panels (c) and (d) It is interesting to note that, in the disordered phase (i.e., at small coupling) S(π, k z ) has a peak at k z = 2πν which is reminiscent of the peaks in the Luttinger liquid for the CBM model (of Ref. 14) and for the Holstein model (of Ref. 5); furthermore, the peak at k z = 2πν becomes less pronounced as the coupling g increases in our interacting chains. This peak corresponds to only short-range correlations; consequently, it is expected to be not observable in a thermodynamic system. Last, in panel (d) of all the above-mentioned figures, S(0, π) gradually decreases as the interaction strength increases and finally drops to its lowest value of 0 as estimated by Eq. (55).
We will now define the order parameter S * (π, π) as the following rescaled value of S(π, π):
where [S(π, π)] min and [S(π, π)] max are, respectively, the minimum and the maximum values of S(π, π). Hence, upon tuning electron-phonon coupling g at any general filling up to half-filling, the order parameter S * (π, π) varies from zero to one when the system transits from a charge disordered phase to a CDW state [with ordering wavevector (π, π)] as displayed in Fig. 8 . Interestingly, similar to the CBM model of Ref. 14, our interacting CJT model also predicts a conducting commensurate CDW state without an excitation gap .
B. Ground-state fidelity and fidelity susceptibility
Although we analyzed the phase transition using the rescaled structure factor S * (π, π) in the previous subsection, to pinpoint the transition better we will use the ground-state fidelity and the fidelity susceptibility. The ground-state fidelity, i.e., the overlap of the ground-state wavefunction at two very close values of the control parameter (i.e., at g and g + δ), is defined as follows 41 : where |Ψ 0 is the ground state of the system and δ is a small increment in g. Next, fidelity susceptibility 42 is defined as the second derivative of the ground-state fidelity:
It should be pointed out that, while the fidelity is dependent on the chosen value of δ, χ F (g) is independent of it. For numerically evaluating the values of fidelity and fidelity susceptibility, to avoid the problem due to degeneracy after phase transition, we invoke the same method devised in our earlier work 14 . In Figs. 9(a) and 9(b), we display our calculated ground-state fidelity and the corresponding fidelity susceptibility for interacting-CJT-chain systems of different sizes and at various values of strong-coupling. The dips in the fidelity and the concomitant peaks in the susceptibility are indicative of the location of the phase transition in the g-parameter space; these transition points are in agreement with the order parameter curves in Fig. 8 . Hence, ground-state fidelity and fidelity susceptibility are useful tools for understanding phase transition in our interacting CJT model.
In the following section, we shall study interacting CJT chains in the adiabatic regime and at weak coupling.
V. WEAK COUPLING ANALYSIS OF INTERACTING IDENTICALLY-LONG CJT CHAINS
To analyze the weak-coupling case, we introduce new notation for ease of manipulation. We adopt the notation that, for the d z 2 orbital located at site (j, k) in Fig. 1(c) and denoted by the destruction operator d z 2 ;j,k , the surrounding oxygens in the y-direction are located at u y;j− + a z;j,k+
Then, for the interacting CJT chains, we rewrite Eq. (35) as follows:
Next, we Fourier transform the above Hamiltonian using the following:
We express
with ǫ p,q = −2t cos(q) and
We note that Q ef f (p, q) is proportional to the Fourier transform of √ 2Q 1 +Q 3 where Q 1 and Q 3 are the breathing mode and a Jahn-Teller mode 3 , respectively, at site (j, k). The double time derivative of Q ef f (p, q) is given byQ
Let the eigenstates and eigenenergies of H W C 0 be denoted by |φ l ≡ |n el ⊗ |m x , m y , m z ph and E 0 φ l , respectively, with |φ 0 = |0; 0 x , 0 y , 0 z being the ground state with zero phonons. Furthermore, Φ l and E Φ l are the corresponding eigenstates and eigenenergies, respectively, of the interacting Hamiltonian
Then, the matrix elements of the above Eq. (64) can be written as
From the above equation, we see that during the transition from |Φ l ′ to |Φ l , instability occurs if
In the weak-coupling regime, we have
is the relevant non-interacting dynamic polarizability defined below in Eq. (71). Therefore, the instability condition is given by
For a detailed and rigorous derivation of this instability condition (involving the real part of the non-interacting dynamic susceptibility), we refer the reader to Ref. 6 . Now, up to second order in perturbation, the energy of the ground state of H ICJT is given by
where ξ m0 = ξ m − ξ 0 with ξ m being the energy of the state |m el . Next, we consider an excited state of H IC 0 with a single phonon of momentum (−p, −q) given by the general state
where −1 ≤ α ≤ 1 and −1 ≤ β ≤ 1. We evaluate the eigenenergy E 
After subtracting Eq. (67) from Eq. (69), we obtain
Based on the derivation in Appendix D, we have
where γ ≡ ω0 4t sin( q 2 ) < 1. For values of the adiabaticity parameter 2 t/ω 0 5 that occur in manganites 43 and for the range of filling fractions 0.05 ≤ ν ≤ 0.5 that include C-type antiferromagnetism in manganites, it should be pointed out that γ < 1. In the above expression, it is interesting to note that χ 0 (p, q; ω 0 ) is independent of p. To obtain the critical coupling g c at which the instability first sets in, we need to maximizeχ 0 (p, q; ω 0 ) with respect to p. It can be shown that the coefficient 2βα sin
and β = 1. This value of p = π is expected because of inter-chain particle repulsion. Therefore, the maximumχ 0 (p, q; ω 0 ) is given by [Reχ 0 (π, q; ω 0 )] max = 1 2π
Using the instability condition 1 + 2g 2 c ω 0 [Reχ 0 (π, q; ω 0 )] max = 0 with q = 2k F 6 , we get the critical coupling g c for filling fraction ν = k F /π as
Based on the above Eq. (75), Fig. 10 displays the small parameter values at the transition point g = g c for various fillings (up to half filling) and for different values of the adiabaticity parameter. Our perturbation theory is valid when the small parameter g c ω 0 /t < 1. For the critical couplings g c in Fig. 10 , the system undergoes a quantum phase transition from a disordered state to an insulating CDW state with ordering wave vector (π, 2πν). As t/ω 0 increases, even for smaller filling fractions, phase transitions are predicted within our approach. Interestingly, for values of the adiabaticity parameter 2 t/ω 0 5 that are relevant to manganites 43 , Fig. 10 portrays the critical coupling for density-dependent CDW ordering at filling fractions where C-type antiferromagnetism is realized in manganites [32] [33] [34] [35] [36] [37] .
VI. DISCUSSION
We will now present, at strong coupling, a simplification of the model for the interacting two-chain CJT system [represented by Eq. h † ) by using the relation h †
; this transformation is equivalent to a Wigner-Jordan transformation followed by a spin-to-HCB transformation. Then the equivalent of the fermionic model in Eq. (42) is given by the following model for HCBs:
where n h j,k (≡ h † j,k h j,k ) is the number operator for HCBs. As pointed out in Refs. 44 and 45, nearest-neighbor and next-nearest-neighbor hopping terms can be tuned independently; additionally, nearest-neighbor repulsion can also be achieved 46 . Thus, ladders and two-dimensional systems in general [which realize the Hamiltonian in Eq. (80)] can be simulated experimentally for a broad range of values of the parameters t 1 , t 2 , V 1 , and V 2 . It is interesting to note that a one-dimensional version of the above Hamiltonian, i.e,
was studied by Mishra et al. 47, 48 . These authors considered kinetic frustration and obtained the phase diagram. Furthermore, in the extreme case of t 1 = 0, the above model [of Eq. (81)] was recently shown to undergo a striking discontinuous transition from a superfluid to a supersolid in Ref. 49 .
VII. CONCLUSIONS
In this paper, we studied the CDW transition in interacting CJT chains at strong coupling [characterized by 14 t/(gω 0 ) < 1] and at weak coupling [identified by
The nature of CDW in the interacting CJT chains is quite different in the two cases: strong coupling analysis predicts a conducting CDW with Z 2 symmetry being broken (i.e., one sub-lattice has higher density), whereas weak coupling theory shows that an insulating CDW results with a wavevector that varies linearly with density. Our study is relevant in manganite systems with C-type antiferromagnetism and suggests identifying the charge-ordering wavevector as an alternate way for determining the controversial regime of the electron-phonon coupling. In the case where the coupling is strong, we use structure factor and fidelity to track the quantum phase transition. Exact expressions for the structure factor at special wavevectors [i.e., (0, 0), (π, 0), (0, π), and (π, π)] are derived to understand the evolution of the system when the tuning parameter is varied. On the other hand, in the weak coupling regime, we identify the critical coupling at which the phonon mode (involving the breathing mode and a Jahn-Teller mode) becomes soft; our analysis is applicable for the adiabaticities occurring in manganites. Although our analysis for the interacting CJT chains corresponds to a two-dimensional case, it is extendable to three-dimensional systems as well and the conclusions are expected to be similar.
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Appendix A: Simplification of the function Gn(α1, α2, . . . , αn)
In this appendix, we obtain simple expressions for the function G n (α 1 , α 2 , . . . , α n ) appearing in the main text. The general term G n (α 1 , α 2 , . . . , α n ) is defined as
and the summation over c represents summing over all possible n C m combinations of m arguments chosen from the total set of n arguments {α 1 , α 2 , . . . , α n }.
We begin by examining the simple case of the term G 2 (2, 2) [= F 2 (2, 2) + 2F 1 (2)] appearing in Eq. (27) . We evaluate the derivative, with respect to g 2 , of G 2 (2, 2) as follows:
Then, on performing integration, we get 
Hence, we get
Finally, we evaluate the derivative of the general term G n (α 1 , α 2 , . . . , α n ) with respect to g 2 :
Then, the general term is obtained to be
For large values of g 2 , we have the approximation
Appendix B: Comparison of phase transition in interacting CJT chains at strong coupling and various values of adiabaticity
In this appendix, we compare the behavior of the interacting CJT chains at strong coupling and for different values of the adiabaticity parameter t/ω 0 . In Fig. 13 we portray the order parameter S * (π, π) for two filling fractions and for two sufficiently different values of Appendix C: Exact expressions for the structure factor in limiting cases
In this appendix, we derive formulae for S(π, π), S(0, π), S(π, 0), and S(0, 0). The structure factor is expressed in terms of the correlation function W (l, m) as follows:
where k y = n y π with n y = 1, 2 and k z = 4nzπ N with n z = 1, 2, . . . , 
Lastly, we get 
where γ = ω0 4t sin( q 2 ) and use has been made of the facts that there is reflection symmetry and that ǫ p,q is independent of the value of p because there is no inter-chain transport. Integrating the above equation for the case γ < 1, we obtain 
